Abstract. In this work, we consider a wave propagation problem in a 2-D waveguide. The problem arises in the study of light in optical bers. We construct a transform theory as a framework for studying this problem. An explicit representation for the solution to problems involving light sources is derived. We derive a decay rate for the non-guided part of the solution in the direction of the core. The approach is also amenable to computations, and we demonstrate this in numerical examples for the case of slab waveguides.
Introduction. This work is motivated by optical engineering issues related
to ber optics communication. The problem of wave propagation in a 2-D optical waveguide is considered. The present work is concerned with the development of a framework by which we can understand details of the wave propagation phenomena. Moreover, our work is driven by the need to compute solutions to the wave equation in simulations.
One of the questions we investigate here is the nature of how guided waves are generated from a source in a multimode optical ber. This is an important issue in design of optical systems. It is also hoped that this work will provide some insight into correct statement of the open waveguide problem.
The main result of this work is a transform theory that allows us to represent solutions to the time harmonic wave equation in a waveguide. In developing the transform technique, we establish a completeness result. As an example of the application of this technique, we will derive an expression for the Green's function. It will be shown that this approach leads to a computationally viable method for accurate simulations. In addition, the expression allows us to separate the energies in the eld into guided and non-guided modes. We obtain asymptotic behavior of the non-guided components far away from the source.
We begin with a model for the optical waveguide. We are concerned with timeharmonic wave propagation due to a source. The domain under consideration is all of IR 2 , wherein the eld u(x; z) satis es the Helmholtz equation u + k 2 n(x) 2 u = f(x; z) (x; z) 2 IR 2 : and is constant in the cladding. This fact is represented by n(x) = n cl for jxj > h n co (x) for jxj < h :
Here, we assume that n co (x) n cl and let n 0 = n co (0).
In order to complete the description of this problem, we need to prescribe boundary conditions for x 2 + z 2 ! 1. However, it is not clear what the correct boundary conditions are. The work by Nosich and Shestopalov 8] discusses the issue of boundary conditions. The results from the paper indicates that the boundary condition cannot be explicitly prescribed. We defer this issue at this time and instead focus our attention on obtaining an explicit solution that makes physical sense.
The problem under investigation is related to the so-called Pekeris waveguide in ocean acoustics. There are two main di erences: (i) the Pekeris waveguide is a halfspace (x > 0) with the Dirichlet boundary condition on x = 0; (ii) the index of refraction is constant in the core region. Wilcox 11, 12] investigates the spectrum of the Pekeris operator (using our notation) Au = ? 1 n(x) 2 u; for x > 0;
with the boundary condition u(0; z) = 0. We will provide a more detailed relationship between Wilcox's work and our work in the next section.
The result of the present work is closely connected with the work of DeSanto 4]. DeSanto derives an expression for the Green's function of the Pekeris waveguide. The method employed is complex analysis, starting with the assumption of separability of the Green's function in the variables x and z, and a representation in terms of a countour integral in the separation parameter. The expressions for the Green's function bear some resemblance to ours. We also note the result in Felsen and Marcuvitz 5] which treats the case of variable index of refraction. A key di erence in our work is the approach { we develop a transform theory with rigorous justi cation. Moreover, the approach can be used to solve other waveguide problems such as scattering 6].
The paper is organized as follows. In the next section, we study the completeness of an associated eigenvalue problem. We attempt to connect our results with those of the classical optical waveguide text such as Snyder and Love 9]. We also discuss our completeness result in the context of Wilcox's work. Section 3 is devoted to the solution of the inhomogeneous problem. We derive an expression for the Green's function. We will also obtain asymptotic results that show how the nonguided part of the eld decays along the length of the ber. Numerical examples are given in Section 4 for the case of the slab waveguide. A discussion section ends the paper.
2. Completeness for an associated eigenvalue problem. The associated eigenvalue problem comes from studying homogeneous solutions of (1. satisfying the dispersion relation (2.6).
The guided modes, i.e., the solution of the form u = v(x; ) exp ik z correspond to solutions to Helmholtz equation which are localized near the core, and propagates most of its energy along the core.
Radiation modes. For d 2 < < k 2 n 2 0 (0 < < n cl ), (2.2) supports solutions v j (x; ), j 2 fs; ag, which are bounded and oscillatory. The solutions to Helmholtz equation with these functions correspond to planewaves.
Evanescent modes. For > k 2 n 2 0 ( imaginary), (2.2) supports solutions v j (x; ), j 2 fs; ag, which are bounded and oscillatory. The solutions to Helmholtz equation with these functions correspond to waves that decay exponentially in the positive zdirection if we take to be positive imaginary. If we take the negative imaginary for , the solution decays in the opposite direction. The literature, see for example 9, 7] , suggests that all solutions of Helmholtz equation (1.1) are superpositions of these modes. What is less clear is whether such a representation is complete. Even if it is complete, it is not obvious how one can nd the Fourier coe cients in the representation since the solutions do not have nite L 2 (IR 2 ) norm. Another potentially troublesome issue is the fact that the evanescent modes blow up either in the positive z or negative z depending on .
We resolve the above issues by introducing a transform theory using the solutions v(x; ). This is developed in the next subsections. Let t > h and let j n;t ; n = 1; 2; ; j 2 fs; ag be the eigenvalues of the SturmLiouville problem for (2.2) in the interval (0; t) with boundary conditions (2.4) for j = s and (2.5) for j = a; respectively, and homogeneous Dirichlet boundary condition at x = t. From the properties of v j (x; ); j 2 fs; ag, we have that j n;t are the roots of v j (t; j n;t ) = 0; j 2 fs; ag:
We denote by j n;t (x); n = 1; 2; ; j 2 fs; ag the corresponding normalized eigenfunctions (normalized on the interval ?t; t]) and write them as: j n;t (x) = q r j n;t v j (x; j n;t ); n = 1; 2; ; j 2 fs; ag; (2.9) where r j n;t = with boundary condition u(0; z) = 0. The index of refraction here is piecewise constant n(x) = n 0 for 0 < x < h n cl for x > h ; as in a slab waveguide. This problem has a spectrum that can be described as follows.
We write u(x; z) = v(x; ) exp i z. Then the spectrum consists of (i) f! : ! > =n cl g, and (ii) f! m ( ); m = 1; 2; g. The eigenfunctions for (i) will be denoted by u(x; z; ; !) while those for (ii) will be denoted by u m (x; z; ) := u(x; z; ; ! m ( )). For a xed !, the part of the spectrum 0 !n cl corresponds the radiation modes, and the point spectrum in !n cl !n 0 corresponds to the guided modes. A sketch of the spectrum is provided in Referring to Figure 2 .1, we see that the spectrum in question is the restriction of the Pekeris spectrum along xed (along line A).
In contrast, our result corresponds to the restriction of the Pekeris spectrum along ! xed (line B in Figure 2 ). It also says that the associated system of eigenfunctions is not complete without the addition of the eigenfunctions corresponding to the evanescent modes.
3. Solution of wave propagation problem. The results of section 2 provides a framework to study the wave propagation problem in a 2-D waveguide. We will derive an expression for the Green's function. The expression allows us to estimate the nonguided components of the solution. We also show how the transform can be used to study a boundary value problem for a half-space waveguide. is of class C 1 (IR 2 ) and satis es (1.1) in the sense of distributions.
Proof. Let since v j (x; ); j 2 fs; ag satis es (2.2).
The solution of (3.7), which is outgoing for 0 < k 2 n 2 0 or decays for > k 2 n 2 0 as jzj ! +1; is readily found U j ( ; z) = are parts of the solution that get radiated away from the source.
In an application, one is interested in how the nonguided part dissipates away from the source and the core, leaving only the guided part in the core. Such knowledge would be relavant for design purposes. We can estimate the G e and G r for a xed x by studying their integral representations. Therefore, given any f(x), one could calculate the eld u(x; z). This can be used as a crude approximation of the mode launching problem where f(x) represents energy introduced into the ber. 
Numerical examples.
The simplicity of the expression for the Green's function in the slab case allows us to numerically evaluate it. We consider a core whose index of refraction is n co = 2 with half-width h = 0:2. The cladding has index of refraction n cl = 1. The frequency is taken to be k = 10.
For the discrete spectrum (guided modes) we solve equations (4.3)-(4.4) for the symmetric and antisymmetric eigenvalues s k and a k . We employed Newton's method and found 2 symmetric roots f s 1 ; s 2 g and a single antisymmetric root f a 1 g. We evaluate the weights associated with these eigenvalues using (4.5)-(4.6). Having computed these, we proceed by evaluating the eigenfunctions v s (x; s k ), k = 1; 2, and v a (x; a 1 ).
We can calculate the guided part of the Green's function using (3.11).
The continuous spectrum is for d 2 < < 1 and the weight associated with this is given in (4.5)-(4.6) for the symmetric and antisymmetric eigenfunctions. In computing the contributions of the radiation and evanescent parts, we use the expressions in (3.15) and (3.14). The trapezoidal rule, with sampling interval = 0:025 and 2 = 0:1, is employed. The integral in (3.14) is truncated at 2 = 12.
The results of our computations are discussed next. With a source at x 0 = 0, we only excite symmetric modes. 5. Discussion. In this work, we have constructed a framework for analyzing waveguide problems which is based on a transform theory. The approach allows us to arrive at a representation for the solution of inhomogeneous and half-space problems. The representation is su ciently simple to allow us to obtain the asymptotic behavior of the nonguided part of the solution. While we applied the method to a 2-D problem, it is possible to apply the approach to 3-D problems.
For the case of the slab waveguide (piecewise constant indices of refraction), the Green's function is explicit and is very amenable to computation. In the case of general pro les, we believe that there are viable numerical approaches. For example, we can handle the functions j (x; ) in (2.3) numerically using an ODE solver. The discrete spectrum (2.6) can be found numerically using shooting method. Once the discrete spectrum is obtained, we would need to perform a sum over the guided modes, and quadrature over the continuous spectrum.
